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Abstract
For a graph G and a real α /= 0, we study the graph invariant sα(G) – the sum of the αth power of the
non-zero Laplacian eigenvalues of G. The cases α = 2, 12 and −1 have appeared in different problems. Here
we establish some properties for sα with α /= 0, 1. We also discuss the cases α = 2, 12 .
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1. Introduction
LetGbe a simple finite undirected graph with vertex setV (G). LetA(G)be the (0, 1) adjacency
matrix of G and D(G) the diagonal matrix of vertex degrees. Then L(G) = D(G) − A(G) is
called the Laplacian matrix ofG. It is symmetric, positive semidefinite and singular. The Laplacian
eigenvalues of G are the eigenvalues of L(G). Let μ1, μ2, . . . , μn be the Laplacian eigenvalues
of G arranged in a non-increasing manner, where n = |V (G)|. When more than one graph is
under discussion, we write μi(G) instead of μi . It is known that μn = 0 and the multiplicity of
0 is equal to the number of connected components of G.
Let α be a non-zero real number. Let G be a graph with n vertices. Let sα(G) be the sum of
the αth power of the non-zero Laplacian eigenvalues of G, i.e.,
 The work was supported by National Natural Science Foundation of China (10671076).
E-mail address: zhoubo@scnu.edu.cn
0024-3795/$ - see front matter ( 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.laa.2008.06.023
2240 B. Zhou / Linear Algebra and its Applications 429 (2008) 2239–2246
sα(G) =
h∑
i=1
μαi ,
where h is the number of non-zero Laplacian eigenvalues of G. The case α = 1 is trivial as
s1(G) = 2m, where m is the number of edges. Some properties for s2 were established in [9],
where Lazic´ called it the Laplacian energy of the graph. Recall that the energy of a graph is equal
to the sum of the absolute values of its ordinary eigenvalues [3] and that an energy – like quantity
was proposed and studied in [7] based on the Laplacian eigenvalues. Recently, some properties
of s 1
2
were given in [11]. We also note that for a connected graph G with n vertices, ns−1(G) is
equal to its Kirhhoff index or quasi-Wiener index, which found applications in electric circuit,
probabilistic theory and chemistry [6,15].
In this paper, we establish some properties for sα , where α is a real number with α /= 0, 1. We
also discuss further properties for s2 and s 1
2
.
2. Preliminaries
Let Kn and Pn be respectively the complete graph and the path on n vertices. Let Ka,b be the
complete bipartite graph with two partite sets having a and b vertices, respectively.
We need some properties of the Laplacian eigenvalues. For more details, see [12,13].
Let G be the complement of the graph G with n vertices. The Laplacian eigenvalues of G are
n − μn−1(G), n − μn−2(G), . . . , n − μ1(G), 0.
Lemma 1 [13]. Let G be a non-complete graph with n vertices. If G∗ is obtained from G by
adding an edge, then
μ1(G
∗)  μ1(G)  μ2(G∗)  μ2(G)  · · ·
 μn−1(G∗)  μn−1(G)  μn(G∗) = μn(G) = 0.
Lemma 2 [2]. Let G be a graph with at least one edge and maximum vertex degree . Then
μ1  1 + 
with equality for connected graph if and only if  = n − 1.
Lemma 3 [12]. Let G be a connected graph with diameter d. Then G has at least d + 1 distinct
Laplacian eigenvalues.
Lemma 4. Let G be a graph with n vertices. Then μ1 = · · · = μn−1 if and only if G ∼= Kn or
G ∼= Kn.
Proof. Suppose that μ1 = · · · = μn−1. If G is connected, then by Lemma 3, G ∼= Kn. If G is
not connected, then μn−1 = 0 and so all Laplacian eigenvalues are equal to zero, which obvi-
ously implies that G ∼= Kn. Conversely, it is easily seen that μ1 = · · · = μn−1 if G ∼= Kn or
G ∼= Kn. 
Lemma 5. Let G be a connected graph with n  2 vertices. Then μ2 = · · · = μn−1 and μ1 =
1 +  if and only if G ∼= Kn or G ∼= K1,n−1.
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Proof. Suppose that μ2 = · · · = μn−1 and μ1 = 1 + . By Lemma 2,  = n − 1. Then G has
an isolated vertex, say v, and the Laplacian eigenvalues of G − v are n − μn−1, . . . , n − μ2, 0.
By Lemma 4, G − v ∼= Kn−1 or G − v ∼= Kn−1. Thus G ∼= Kn or G ∼= K1,n−1.
Conversely, it is easy to see that μ2 = · · · = μn−1 and μ1 = 1 +  if G ∼= Kn or G ∼=
K1,n−1. 
For a graph G, let Z(G) =∑u∈V (G) d2u , where du stands for the degree of vertex u in G.
Lemma 6 [8]. Let G be a connected bipartite graph with n vertices. Then μ1  2
√
Z(G)
n
with
equality if and only if G is a regular bipartite graph.
The subdivision graph S(G) of a graph G is obtained by inserting a new vertex (of degree
2) on each edge of G. The ordinary spectrum of a graph G is the spectrum of its adjacency
matrix.
Lemma 7 [16]. Let G be a bipartite graph with n vertices and m edges. If the non-zero Laplacian
eigenvalues of G are μi, i = 1, . . . , h, then the ordinary spectrum of S(G) consists of the numbers
±√μi, i = 1, . . . , h, and of n + m − 2h zeros.
Let λ1, λ2, . . . , λn be the ordinary eigenvalues of the graph G, where n = |V (G)|. Then the
energy of G is defined as [3,4]
E(G) =
n∑
i=1
|λi |.
Lemma 8 [14,17]. Let G be a graph with n vertices, m  1 edges and q quadrangles. Then
E(G) 
√
(2m)3
2Z(G) − 2m + 8q
with equality if and only if G is the vertex-disjoint union of Ka1,b1 , . . . , Kar ,br with a1b1 = · · · =
arbr and r  1, and isolated vertices.
3. Results
It is obvious that for any graph G with n vertices, sα(G)  0 for α /= 0 with equality if and
only if G ∼= Kn.
Theorem 1. (i) For any non-complete graph G, if G∗ is obtained from G by adding an edge,
then sα(G) < sα(G∗) for α > 0 and sα(G) > sα(G∗) for α < 0.
(ii) For any graph G with n vertices
sα(G)  (n − 1)nα if α > 0,
sα(G)  (n − 1)nα if α < 0
with either equality if and only if G is the complete graph Kn.
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Proof. Note that
∑n−1
i=1 μi(G∗) −
∑n−1
i=1 μi(G) = 2. By Lemma 1, the result in (i) follows.
Note that μ1(Kn) = · · · = μn−1(Kn) = n and μn(Kn) = 0. From (i), we have (ii). 
Theorem 2. Let α be a real number with α /= 0, 1, and let G be a connected graph with n  3
vertices, t spanning trees and maximum vertex degree . Then
sα(G)  (1 + )α + (n − 2)
(
tn
1 + 
) α
n−2
(1)
with equality if and only if G ∼= Kn or G ∼= K1,n−1.
Proof. By the matrix-tree theorem (see [13]),∏n−1i=1 μi = tn. By the arithmetic–geometric mean
inequality
sα(G) = μα1 +
n−1∑
i=2
μαi
μα1 + (n − 2)
(
n−1∏
i=2
μαi
) 1
n−2
= μα1 + (n − 2)
(
tn
μ1
) α
n−2
with equality if and only if μ2 = · · · = μn−1. Let f (x) = xα + (n − 2)
(
tn
x
) α
n−2
. By solving
f ′(x) = α(xα−1 − (tn) αn−2 x− αn−2 −1)  0, it may be easily seen that f (x) is increasing for x 
(tn)
1
n−1 whether α > 0 or α < 0. Obviously, 2m  n  (n − 1)(1 + ). By Lemma 2
μ1  1 +   2m
n − 1 =
∑n−1
i=1 μi
n − 1 
(
n−1∏
i=1
μi
) 1
n−1
= (tn) 1n−1
and then sα(G)  f (1 + ) = (1 + )α + (n − 2)( tn1+ )
α
n−2
. Hence (1) follows, and equality
holds in (1) if and only if μ2 = · · · = μn−1 and μ1 = 1 + , which, by Lemma 5, is equivalent
to G ∼= Kn or G ∼= K1,n−1. 
Theorem 3. Let G be a connected graph with n  3 vertices, m edges and maximum vertex
degree :
(i) If α < 0 or α > 1, then
sα(G)  (1 + )α + (2m − 1 − )
α
(n − 2)α−1 (2)
with equality if and only if G ∼= Kn or G ∼= K1,n−1.
(ii) If 0 < α < 1, then
sα(G)  (1 + )α + (2m − 1 − )
α
(n − 2)α−1 (3)
with equality if and only if G ∼= Kn or G ∼= K1,n−1.
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Proof. Observe that for α /= 0, 1 and x > 0, xα is a strictly convex function if and only if α < 0
or α > 1.
Suppose that α < 0 or α > 1. Then(
n−1∑
i=2
1
n − 2μi
)α

n−1∑
i=2
1
n − 2μ
α
i ,
i.e.,
n−1∑
i=2
μαi 
1
(n − 2)α−1
(
n−1∑
i=2
μi
)α
with equality if and only if μ2 = · · · = μn−1. It follows that
sα(G) μα1 +
1
(n − 2)α−1
(
n−1∑
i=2
μi
)α
= μα1 +
(2m − μ1)α
(n − 2)α−1 .
Let g(x) = xα + (2m−x)α
(n−2)α−1 . By solving g
′(x) = α(xα−1 − (2m−x)α−1
(n−2)α−1
)
 0, it is easily seen that
g(x) is increasing forx  2m
n−1 . Note that (n − 1)(1 + )  2m. By Lemma 2,μ1  1 +   2mn−1
and then
sα(G)  g(1 + ) = (1 + )α + (2m − 1 − )
α
(n − 2)α−1
with equality if and only if μ2 = · · · = μn−1 and μ1 = 1 + . By Lemma 5, equality holds in
(2) if and only if G ∼= Kn or G ∼= K1,n−1.
Now suppose that 0 < α < 1. Then(
n−1∑
i=2
1
n − 2μi
)α

n−1∑
i=2
1
n − 2μ
α
i
with equality if and only if μ2 = · · · = μn−1, and g(x) is decreasing for x  2mn−1 . By similar
arguments as above, the second part of the theorem follows. 
Now we consider bipartite graphs.
Theorem 4. Let α be a real number with α /= 0, 1, and let G be a connected bipartite graph with
n  3 vertices, t spanning trees. Then
sα 
(
2
√
Z(G)
n
)α
+ (n − 2)
⎛
⎝ tn
2
√
Z(G)
n
⎞
⎠
α
n−2
(4)
with equality if and only if G ∼= Kn
2 ,
n
2
.
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Proof. By Lemma 6, we haveμ1  2
√
Z(G)
n
 4m
n
 2m
n−1  (tn)
1
n−1
. Thus, by similar arguments
as in the proof of Theorem 2, we have sα  f
(
2
√
Z(G)
n
)
, from which (4) follows, and equality
holds in (4) if and only if μ2 = · · · = μn−1 and λ1 = 2
√
Z(G)
n
.
Suppose that equality holds in (4). Then G is a regular bipartite graph with at most three distinct
Laplacian eigenvalues. Thus, by Lemma 3, G is a regular bipartite graph with at most diameter
2, i.e., G ∼= Kn
2 ,
n
2
.
Conversely, it is easily seen that μ2 = · · · = μn−1, λ1 = 2
√
Z(G)
n
, and then (4) is an equality
if G ∼= Kn
2 ,
n
2
. 
Theorem 5. Let G be a connected bipartite graph with n  3 vertices, m edges:
(i) If α < 0 or α > 1, then
sα(G) 
(
2
√
Z(G)
n
)α
+
(
2m − 2
√
Z(G)
n
)α
(n − 2)α−1 (5)
with equality if and only if G ∼= Kn
2 ,
n
2
.
(ii) If 0 < α < 1, then
sα(G) 
(
2
√
Z(G)
n
)α
+
(
2m − 2
√
Z(G)
n
)α
(n − 2)α−1 (6)
with equality if and only if G ∼= Kn
2 ,
n
2
.
Proof. By Lemma 6, we have μ1  2
√
Z(G)
n
 4m
n
 2m
n−1 . Thus, by similar arguments as in
the proof of Theorem 3, we have sα  g
(
2
√
Z(G)
n
)
for α < 0 or α > 1, and then (5) follows.
Similarly, sα  g
(
2
√
Z(G)
n
)
for 0 < α < 1, and then (6) follows.
Either equality in (5) or (6) holds if and only if μ2 = · · · = μn−1 and λ1 = 2
√
Z(G)
n
, which,
by the arguments in the proof of Theorem 4, is equivalent to G ∼= Kn
2 ,
n
2
. 
Now we consider the special case α = 2. Note that s2(G) is equal to the trace of L2 where
L = L(G), from which it may be shown that [9]
s2(G) =
∑
u∈V (G)
(d2u + du) = Z(G) + 2m,
where m is the number of edges of G. Thus, if both the number of vertices and the number of
edges are given, then the study of s2(G) is equivalent to that of Z(G).
Let G be a graph with n vertices and m edges. As restatements of the results in [5,10] on Z(G),
respectively, we have
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s2(G)  2m
(⌊
2m
n
⌋
+
⌈
2m
n
⌉
+ 1
)
−
⌊
2m
n
⌋⌈
2m
n
⌉
n
with equality if and only if any degree of G is either  2m
n
 or 	 2m
n

, and
s2(G)  m
(
2m
n − 1 + n
)
with equality if and only if G is K1,n−1 or Kn.
Let G be a connected graph with n  2 vertices. It was proved in [9] that
s2(G)  6n − 8
with equality if and only if G is the path Pn. An alternate argument is as follows: By Theorem 1,
if s2(G)  s2(T ) with equality if and only if G = T , where T is a spanning tree of G. Note that
T has at least two vertices of degree one. By the Cauchy–Schwarz inequality, we have
s2(G) s2(T ) = Z(T ) + 2(n − 1)
 2 + (2(n − 1) − 2)
2
n − 2 + 2(n − 1) = 6n − 8
and then s2(G)  6n − 8 with equality if and only if G is a tree that has exactly two vertices of
degree one and all other vertices have equal degrees, i.e., G is the path Pn.
Finally, we turn to the special case α = 12 .
Theorem 6. Let G be a bipartite graph with n vertices and m  1 edges. Then
s 1
2
(G)  2
√
2m√
n + 2 (7)
with equality if and only if G ∼= K2.
Proof. For u, v ∈ V (G), u ∼ v means that u and v are adjacent in G. It follows that
Z(G) =
∑
u∼v
(du + dv) 
∑
u∼v
n = mn
with equality if and only if du + dv = n for any edge uv of G, i.e., G is a complete bipartite
graph. Note that S(G) possesses 2m edges, it is quadrangle-free and Z(S(G)) = Z(G) + 4m. By
Lemma 8
E(S(G))
√
(2 · 2m)3
2Z(S(G)) − 2 · 2m
=
√
(4m)3
2(Z(G) + 4m) − 4m

√
(4m)3
2(mn + 4m) − 4m
= 4
√
2m√
n + 2 .
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By Lemma 7, we have s 1
2
(G) = 12E(S(G)) and thus (7) follows. From the proof above, equality
in (7) if and only if G and S(G) are both complete bipartite graphs, i.e., G ∼= K2. 
The lower bound in Theorem 6 is asymptotically best possible. For example, let G be the
complete bipartite graph Kk,k and then s 1
2
(G) = √2k + (2k − 2)√k and the corresponding lower
bound is equal to c = 2k2√
k+1 . Obviously, limk→∞
s 1
2
(G)
c
= limk→∞ (2k−2+
√
2)
√
k+1
2k
√
k
= 1.
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